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Abstract. Let A1, A2, . . ., Ak be strictly positive operators on a Hilbert space. This
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extends the related result before.
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1 Introduction
In this note, we denote a bounded linear operator on a Hilbert space by a capital
letter, such as T . T > 0 and T > 0 stand for a positive operator and a strictly positive
operator, respectively. In what follows, we assume that A1, A2, . . ., Ak are strictly
positive operators.
In [3], C. -S. Lin proved several characterizations of operator order A2 > A1 in terms
of Furuta inequality[1] and Pedersen-Takesaki type operator equation[6]; Afterwards, C.
-S. Lin and Y. J. Cho showed characterizations of A3 > A2 > A1 in [4] by extended
grand Furuta inequality[8]; As generalizations, J. Shi and Z. Gao gave characterizations
of Ak > Ak−1 > · · · > A3 > A2 > A1 in[7] by Further extension of the grand Furuta
inequality[9]. As a continuation, this note is to prove a sufficient condition of Ak >
Ak−1 > · · · > A3 > A2 > A1.
Let us recall two important theorems first.
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Theorem 1.1 (Lo¨wner-Heinz inequality) ([2, 5]). If P > Q > 0, then Pα > Qα holds
for any α ∈ [0, 1].
Theorem 1.2 ([10]). For P,Q > 0, r + δ > 0 with r > 0, w ∈ [0, 1]. If P r+δ >
(P
r
2QsP
r
2 )w holds for any s > 1, then Q 6 I; If P r+δ 6 (P
r
2QsP
r
2 )w holds for any
s > 1, then Q > I.
2 A sufficient condition of Ak > Ak−1 > · · · > A3 > A2 > A1
This section is to show a sufficient condition of Ak > Ak−1 > · · · > A3 > A2 > A1.
First, we consider the condition that k is an odd integer.
Theorem 2.1. For t1, t2, . . . , tn, w1, w2, . . . , w2n ∈ [0, 1], r > tn. If the following in-
equalities always hold for p1, p2, . . . , p2n > 1,
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then the operator order A2n+1 > A2n > A2n−1 > · · · > A3 > A2 > A1 holds.
Proof. Applying Theorem 1.2 to (I.1), we have
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Using Lo¨wner-Heinz inequality to (2.1) for 2n-2 times, the following result hold.
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Because each Ai is strictly positive, there exist a positive constant δi such that Ai >
1
δi
I > 0. Therefore,
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A2 > A1 holds by putting t1 = p1 = 1 and p2 →∞ above.
Similarly, we can obtain A3 > A2 by (I.2), A4 > A3 by (I.3), · · · , A2n+1 > A2n by
(I.2n), respectively. 
Remark 2.1. If w1 = w2 = · · · = w2n =
r−tn
ψ[2n]−tn+r
, where ψ[2n] = {· · · [{[(p1 − t1)p2 +
t1]p3− t2}p4+ t2]p5−· · ·− tn}p2n+ tn, the condition in Theorem 2.1 is the sufficient and
necessary condition of A2n+1 > A2n > A2n−1 > · · · > A3 > A2 > A1. See [7] for details.
Next, we consider that the condition that k is an even integer.
Theorem 2.2. For t1, t2, . . . , tn, w1, w2, . . . , w2n−1 ∈ [0, 1], r > tn. If the following
inequalities always hold for p1, p2, . . . , p2n > 1,
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then the operator order A2n > A2n−1 > A2n−2 · · · > A3 > A2 > A1 holds.
Proof. Replace A2n+1 by A2n in Theorem 2.1. 
Remark 2.2. If w1 = w2 = · · · = w2n−1 =
r−tn
ψ[2n]−tn+r
, where ψ[2n] = {· · · [{[(p1 −
t1)p2 + t1]p3 − t2}p4 + t2]p5 − · · · − tn}p2n + tn, the condition in Theorem 2.2 is the
sufficient and necessary condition of A2n > A2n−1 > A2n−2 > · · · > A3 > A2 > A1. See
[7] for details.
Remark 2.3. Together Theorem 2.1 with Theorem 2.2, we list the sufficient condition
of Ak > Ak−1 > · · · > A3 > A2 > A1 for any integer k.
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